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; — 1 Introduction. 
CIh; 

■ In this paper we prove new existence and uniqueness results for weak solutions 
^ . to non-homogeneous initial-boundary value problems for parabolic equations 

! of the form 

^ ' du 

: — -V,.-A(x,t,V,n) = / inP'(Q+) (1.1a) 

■ u = g on {nx {0}) U {dn x R+). (1.1b) 

^ I Here is an open and bounded set in R" and (5+ = ^2 x R+. Precise 

' structural conditions for A{-, ■) are given in Section 4, but the model is the 

Q> ■ following p-parabolic equation 

o ; 

OO . 

O ■ 

>: ^-V,-(|V,Mr2V,^/) = / mV'iQ+) (1.2a) 

><J ■ u = ^ on ((] X {0}) U (dn X R+), (1.2b) 

■ ■ ■ ' with 1 < p < OO. 

The boundary data is prescribed on the whole parabolic boundary, [Q x 
{0}) U {dfl X R+), and we study the problem of finding the "largest possible" 
classes of boundary and source data such that (11. ip has a good meaning and 
is uniquely solvable. 

In the case of the elliptic p-laplacian: 

-V ■ {\Vu\P-Wu) = / in V'{n) (1.3a) 
u = g on dQ, (1.3b) 
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it is well known that is a kind of golden mean. It has the useful 

property that: 

Given g G W^'^{VL), there exists a unique solution u G W^'^iVL) to the 
p-laplace equation fll.Sp such that u — g belongs to the closure of V{VL) in the 
VF^'^(n)-norm topology. Furthermore the source data (/ in (11. 3p ) can then 
be taken as sums of first order derivatives of LP/'^''^~^^(f2)-functions. 

In this paper we construct an analogous optimal solution-space for equa- 
tions of the type (11.11) . 

We point out that our results are new even in the linear case. In the 
linear case, where p = 2 and we denote W^'"^ by H"^, it is well known (see 
e.g. [5] Vol. II) that the parabolic solution and lateral boundary value 
spaces, replacing the "elliptic spaces" H^{Q) and H'^~^^'^{dil), are H'^'^/'^{^lx 
R+) and H'-^/^''/^-^/\dn x R+). The initial data on Q x {0} should then 
belong to H^~^{^1) and the natural source data space is H^~'^'^/'^~^(il x R+). 
With additional compatibility conditions for the coupling of the data in the 
"corners" of the space-time cylinder we then have unique solvability for the 
linear case when s > 1 (see [S], Vol. II). When s = 1, the golden mean in 
the elliptic case, several difficulties arise in the parabolic case. One obvious 
difficulty is of course that we are in the borderline Sobolev imbedding case 
in the time direction (half-a-time derivative in L^(R_|_, L^(f2))), and are thus 
for instance unable to define traces on i7 x {0}. 

In Theorem 14 . 1 U I we give optimal results in the linear limiting case (s = 1), 
and a complete description of the space of solutions (compare with the non- 
optimal results in e.g. |5],[1] and [3j). 

We use a similar construction of the solution space (with new technical 
complications) in the non-linear case when p 2. 

Our solution space for a general p, 1 < p < oo, (see Definition 14. 6p is 
the sum of a Banach space carrying initial data and another Banach space 
carrying lateral boundary data. It is a dense subspace of the space of L^(Q+)- 
functions, having half order time derivatives in L^(Q+) and first order space 
derivatives in Lp(Q_|_). 

This statement requires some explanation and the appropriate distribu- 
tion theory, allowing fractional differentiation in the time direction of general 
L^-functions in a space-time half cylinder, is developed. This analytic frame- 
work makes it possible to give a precise meaning to the fractional integration 
by parts for the time derivatives that is one of the key tools in our method. 
We point out that we use two different half-a-time derivatives (adjoint to each 
other) and that demanding these different derivatives to belong to L'^{Q^) 
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gives rise to different function spaces. In Section 4 we investigate the rela- 
tions between these different function spaces and discuss some of their basic 
properties. It is for instance non-trivial to show that our function spaces are 
well behaved when we cut off (in a smooth way) in time. This is, apart from 
the fact that we are in the borderline Sobolev imbedding case in the time 
direction, due to the fact that they have non-homogeneous summability and 
regularity conditions, and that they are defined as spaces of distributions. 

Most of these technical problems arise already for functions defined on the 
real line and half-line, and for clarity we have moved most of these arguments 
to an auxiliary section (Section 3) dealing with this case. 

The main result of this paper is Theorem 14. 81 which implies, among other 
things, that our solution space X^'^/^((5+) really is a true analog of the space 
W^'^{fl) for the elliptic p-laplacian, in the sense that: 

Given g e X^'^/'^{Q+) there exists a unique solution u G X^'^/^((5+) to 
the ]?-parabohc equation (11.11) such that u — g belongs to the closure of V{Q+) 
in the X^'^/^((5_|_)-norm topology. Furthermore the source data (/ in (11.11) ) 
can be taken as sums of first order space derivatives of LP/^^~^'*((5+)-functions 
and half-a-time derivatives of L^(Q_|_)-functions. 

For simplicity we shall assume throughout the paper that the boundary 
of fl is smooth, but this assumption is only used to prove that we can regu- 
larize functions near the lateral boundary so that the different spaces of test 
functions we use are dense in the corresponding function spaces (see Theorem 



2 Some analytical background. 

We will use the fractional calculus presented in [I]. Here we first give a 
brief review of the notation and some results. We then extend the calculus 
to space-time half-cylinders in order to be able to discuss initial-boundary 
value problems. 

The Fourier transform on the Schwartz class iS(R", C) is defined by 




u(x)e 




(2.1) 



The inverse will be denoted 




(2.2) 
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The isotropic fractional Sobolev spaces are defined as follows. 
Definition 2.1 For s e R and 1 < p < oo let 

H;{R\ C) = e S'{R\ C); ((1 + \27r^\Y'my e i7(R", C)}. (2.3) 

They are separable and reflexive Banach spaces with the obvious norms. We 
will use the following multi-index notation. Let a — (cti, . . . , a„) G R" be 
an n-tuple. We write a > if «j > 0, j = l,...,n; x" = a;"^---a;"" 
when X G R"; a;" = Xi'^_^ ■ ■ ■x'^"^, (where t+ = max(0,t) for t G R, with a 
similar definition for x") and T{a) = T{ai) ■ ■ - T^an), where F denotes the 
gamma function. Furthermore we will sometimes write k for the multi-index 
{k, . . . ,k), the interpretation should be clear from the context. We now define 
the classical Riemann-Liouville convolution operators. 

Definition 2.2 For a multi-index a > 0, set 

Dg^'u = x±"^ * « e 5(R", C), (2.4) 

where the kernels x±~^; ^'^fi given by 

xT' = r(«)-^(-)r'- (2.5) 

We extend the definition of to general multi-indices a G R"^ in the usual 
way. 

Definition 2.3 For a G R" set 

Dlu = D^Dl'^u, u G cS(R", C), (2.6) 
where we choose the multi-index A; G {0, 1, 2, . . . so that k — a > 0. 

The definition is independent of the choice of k. 

Although it is clear in this setting how the support of a function is affected 
under these mappings and also for instance that the operators map real 
valued functions to real valued functions, other features become transparent 
on the Fourier transform side. 

Computing in »S'(R", C), we have for all a G R": 

L>> = ((0±i27rO"w(O)\ MG5(R^C). (2.7) 
We will use the following space of test functions. 
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Definition 2.4 Let 



J^(R", C) 

= |k e C°°(R",C); ||'u||^^.(Rn,c) < oo, s e R, l<p< oo}. (2.8) 

^(R", C) becomes a Frechet space with the topology generated by, for in- 
stance, the following family of semi-norms || ■ \\h''(R",c), ^ ^ {0,1,2,...}, 
p = 1 + 2^=, A; e Z. 

We have the following dense continuous imbeddings, 

2)(R", C) ^ 5(R", C) ^ J^(R", C) ^ ^(R", C). (2.9) 

An example of a function that belongs to J-{R, C) but does not belong 
to 5(R,C) isa;^ 1/(1 + x'^). 

For q; > we now define the fractional derivatives 

D^u = {{0±i2TTCTuy , u e J^(R", C). (2.10) 

The operators and are adjoint to each other and they are connected 
through the operator 

n 

= n(co«(^«fe)Id + M^Oik)Hk), (2.11) 

fc=l 

where Id is the identity operator and is the Hilbert transform with respect 
to the kth variable, i.e. 

Hku(t) = TT-^ lim [ ""^^ ~ ^'"'^ ds, u e J^(R", C), (2.12) 

where is the usual canonical kth basis vector in R". We have the following 
lemma. 

Lemma 2.1 For a > 0, are continuous linear operators on ^(R", C). 
For a e R", H°' is an isomorphism on ^(R'^, C). For a, (3 > we have 

DlDi = Dl+^, (2.13) 
D^H'^ = D"^. (2.14) 

Furthermore all these operators commute on .7-'(R", C). 
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We note that for a > 



DXu^dx= uD'^^dx, n,$ G J^(R",C), (2.15) 
and for a G 

[ H'^u^dx= I uH-'^^dx, G J^(R'^,C). (2.16) 
Jr" Jr" 

Now let JF'(R", C) denote the space of continuous hnear functionals on 
^(R", C), endowed with the weak* topology. 

Inspired by f l2.15p and fl2.16p . we extend the definition of Z)^ and H°' to 
^'(R*^, C) by duality in the obvious way. 

Definition 2.5 For u G J^'(R", C) and a > let 

{Dlu, <!>)■.= {u,D'^<l>), $gJ^(R",C), (2.17) 
and for a G R" let 

$gJ^(R",C). (2.18) 
The counterpart of Lemma [2. II is valid for JF'(R", C). 

Lemma 2.2 For a > 0, D'^ are continuous linear operators on JF'(R'^, C). 
For a G R", H°' is an isomorphism on JF'(R'^, C). For a,l3 > we have 

DlDi = (2.19) 

jja^a ^ j^a ^2.20) 

Furthermore all these operators commute on JF'(R",C). 

We recall that and H°' all take real-valued functions (distributions) 
to real- valued functions (distributions), and from now on all functions and 
distributions will be real valued. We will denote the subspaces of real- valued 
functions and distributions simply by JF(R") and JF'(R"). 

In [1] we studied parabolic operators on a space-time cylinder Q = QxH, 
where fl was a connected and open set in R". We then introduced the 
following space of test functions. 

Definition 2.6 Let J-'q .{Q) denote the subspace of ^(RP xH) functions with 
support in K X H for some compact subset K G Q. 
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We put a pseudo-topology on J-'q^Q) by specifying what sequential con- 
vergence means. We say that $j — > in JFq .(Q) if and only if the supports 
of all $j's are contained in a fixed set x R, where K <Z VL is a, compact 
subset, and ||D°$i||iP(Q) — > as « — > oo for all multi-indices a E Z"^^ 
and 1 < p < oo. 

The corresponding space of distributions is then defined as follows. 

Definition 2.7 If u is a linear functional on J-'o^.{Q), then u is in JF'. .(Q) if 
and only if for every compact set K (Z fl, there exist constants C,pi, . . . ,Pn 
with 1 < Pi < oo, i = 1, . . . ,N and multi-indices ai, . . . , with at G 
Z![+\ i = l,...,N such that 

N 

|(«,$)|<Cj]l|D"'<l>lU..(g) (2.21) 
i=l 

for all $ G J-'o^.{Q) with support in K x H. 

The motivation for these spaces is that they are invariant under fractional 
differentiation and Hilbert-transformation in the time variable, and ordinary 
differentiation in the space variables. In the given topologies, these operations 
are continuous. 

For initial-boundary value problems, the parabolic operators will by de- 
fined on a space-time half-cylinder = Q x R_,_, and we shall then need 
the following natural spaces of test functions defined on Q^. 

Remark. We shall use the same constructions on the real line and half- 
line, which can be thought of as the case Q = {0} if we identify {0} x R with 
R and {0} x R+ with R+. 

Definition 2.8 Let J^q^.{Q^) denote the space of those functions defined on 
that can be extended to all of Q as elements in J-'q .{Q). 
Furthermore let jFo^o(Q+) denote the space of those functions defined on 
(5+ that can be extended by zero to all of Q as elements in jFo^.(Q). 

(A zero in the first position of course corresponds to zero boundary data on 
the lateral boundary and a zero in the second position corresponds to zero 
initial data.) 

By using the construction in [B] of a (total) extension operator, we see 
that jFo_.(Q+) can be identified with the space of all smooth functions $, 
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defined on with support in K x for some compact subset K C 
(i.e. they are zero on the complement, with respect to Q^, of K x R+), with 
||D°$||^p(Q^) < oo for all multi-indices a E Z"^^ and 1 < p < oo. 

Thus, we can put an intrinsic pseudo-topology on ^o, (Q+) by defining 
that $i — )• in ^o,- {Q+) if and only if the supports of all $i are contained in a 
fixed set Kx'R^, where X C is a compact subset, and ||D°$j||iP(Q^) — > 
as i — > oo for all multi-indices a G Z""*"^ and 1 < p < oo. Then ^o,o(Q+) is 
a closed subspace of JFq with the induced topology. 

We also note that V{Q+) is densely continuously imbedded in jFo^o(Q+)- 
Connected with these spaces of test functions are the following spaces of 
distributions. 

Definition 2.9 Ifu is a linear functional on J-'o^.{Q^), thenu is in J-''.fi{Q+) 
if and only if for every compact set K C il, there exist constants C,pi, . . . ,pn 
with 1 < Pi < oo, i — 1, . . . ,N and multi-indices cti, . . . , ajv with ai e 
Zl+\ i^l,...,N such that 

N 

\{u,^)\ <Cj2\\D'''^LPi (2.22) 

i=l 

for all $ e J^o, (Q+) ^^^^ support in K x R_|_. 

Furthermore ifu is a linear functional on J-'ofliQ+)> then u is in T' .^.{Q^) 
if and only if for every compact set K G Q, there exist constants C,pi, . . . , p^ 
with 1 < Pi < oo, i = 1, . . . , N and multi-indices ai, . . . , aN with ai e 
Z^+\ i = l,...,N such that 

N 

|(«,$)|<Cj]||D-$|U.,(Q,) (2.23) 
1=1 

for all $ e J-'o^o{Q^) with support in K x R_|_. 

The importance of these spaces comes from the fact that, for a real- valued 
a > 0, the operations 

: ^o,o(g+) ^o,o(g+) (2.24) 
^(o,...,o,a) . jr^^^Q^^ _^ j,^^^Q^^ (2.25) 



dt^ 
dt^ ■ 
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are continuous. Ordinary differentiations with respect to the space variables 
are clearly also continuous operations on these spaces. We shall also use that 
the Hilbert-transform in the time variable 

h ,= ^(o,...,o,i/2) . j-,,(Q^) ^ ^o,.(Q+), (2.26) 

is a continuous operator. 

Extending these operators by duality in the obvious way we get that 

r,o(g+), (2.27) 

r.,(Q+), (2.28) 
r.,(g+), (2.29) 

and taking ordinary derivatives in the space variables, are continuous oper- 
ations. 

Using the total extension operator from [6], one can show that we can 
identify jF'. o(<5+) with the space of JF'. .((5)-distributions that are zero on 
Q X (— oo, 0). 

Since V{Q^) is densely continuously imbedded in J^qq{Q+), we get that 
J-''.^.{Q+) is a continuously imbedded subspace of V'{Q+). 

We remark that the space JF'. o(<5+) contains elements supported on f2 x 
{0}. In fact 

r.,(g+) ~ r.,o(g+)/-FVo(Q+), (2.30) 

where ^°o,o(Q+) = e r.,o(Q+); $) = 0, $ G Ao(Q+)}- 

Finally, since JFg o(Q+) is densely continuously imbedded in Lp{Q+) when 
1 < p < oo, clearly U'{Qj^) is continuously imbedded in both ^'.^.(Q+) and 
jF'._o(Q+) when 1 < p < oo. Thus 

^ : L^(g+) ^ ^'.,o(Q+) (2.31) 

^:LP(g+)-^r.,(g+), (2.32) 

are well-defined continuous operations when 1 < p < oo. 



7^ ■■ -^'.o(g+) 



dt 



:r.,(Q+ 
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3 Auxiliary spaces on the real line and half- 
line. 

We shall use the following auxiliary spaces defined on R and in the definition 
should be understood in the J^'(R) distribution sense. 

Definition 3.1 For 1 < p < 00, set 

SV2(R) = |« e L^R); 1^ e L^(R)| . (3.1) 
We equip these spaces with the following norms. 

II^IIbi.i/2(r) := ||-^^||l2(r) + ||m||lp(r)- (3.2) 

Computing in JF'(R) we see that we can represent these spaces as closed 
subspaces of the direct sums i^^(R) © L*'(R), and thus they are refiexive and 
separable Banach spaces in the topologies arising from the given norms. 

If {ipe} is a regularizing sequence it is clear that 

ll^€ *'«||sl/2(R) < ||'«||S1/2(R) , (3.3) 

and thus smooth functions are dense in S^/^(R). 

Due to the definition using distributions and to the inhomogcnicty of our 
summability conditions, it is unfortunately not so easy to cut off in time and 
in this way show that ^(R) (or I^(R)) is dense in 5^/^(R). Nevertheless 
this is true. 

Lemma 3.1 The space of testfunctions ^(R) is dense in S^/^(R). 

Proof. The proof is based on a non-linear version of the Riesz representation 
theorem. 

We (temporarily) denote the closure of .F(R) in S^/^(R) by ^^^(R), and 
we shall show that B^^^R) = B^/\R). 
Set 

Tin) = TT + \uY-''u. (3.4) 
at 
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By fractional integration by parts 

{T{u),^) = j^^^+\ur\^dt- $GJ-(R), (3.5) 

and Holder's inequality, it is clear that 

T : B^/'(R) ^ Bl'\liy. (3.6) 

is continuous. 
We notice that 

T : By^{n) — > Bl'^{n)\ (3.7) 

is weakly continuous and monotone (for definitions see [KS] or [1]). 

By M. Riesz' conjugate function theorem, which says that the Hilbert 
transform h is bounded from L^(R) to L^(R) (recall that 1 < p < cxo), we 

1 /2 

see that the operators introduced above are isomorphisms on Bq (R). 
Now for any a G (0, 1/2) we have 

{nulH--{u))> /^sin(vra)|^|^ (3.8) 

+ (cos(7ra) - sin(7ra)C)|M|Pcit ;uGj^(R), (3.9) 

where C < oo is a constant such that 

||/^(^^)||lp{r) <C||n|Up(R). (3.10) 

Choosing a G (0, 1/2) small enough we see that if° oT is coercive. It follows 
that T is a bijection (see [1] for this functional-analytic result and similar 
arguments). 

Thus given u G i?^/^(R) there exists a unique v G ^^^(R) such that 
T{u) = T{v) in J^'(R), i.e. 

+ (|^|p-2^ _ \^\p-%) = 0. (3.11) 

This shows that the difference of elements with the same image has more 
regularity in time, namely G L^/*^^~^''(R). 

The class of Lp(R) functions with derivatives in Lp/^^'^^H) is stable 
under regularization and thus by a continuity argument we see that we can 
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test with x(m — v), where x is a cut off function in time, in equation fl3.1ip . 
We get that (for a canonical continuous representative) t \u — v\(t) is 
decreasing. Since u — v belongs to L'P(R), we conclude that u = v. The 
lemma follows. □ 

We are now in position to prove the following lemma. 



Lemma 3.2 If u e B^/^iR) th 



en 



RxR 



UiS] 



t 



ds dt = 27r 



R 



OJ U 



dt. 



(3.12) 



Proof. Since T{K) is dense mB^'^{K) we can compute using the Fourier 
transform. 



R 



fll/2 

o_ U 



9tl/2 



dt 



27r|r||'u| dr 



R 



1 

2^ 



A2-ITTS 1 2 



\u{t)\'^ dr ds. 



(3.13) 
(3.14) 



RxR 



Using Parseval's formula the lemma follows. □ 

We note the following scaling and translation invariance 

2 

ds dt 



RxR 



u{a{s — h)) — u{a{t — b)) 



s-t 





u{s) — u{t) 


1 JRxR 


s-t 



dsdt ;a,b E R. 



(3.15) 



We also note the following fact. 

Lemma 3.3 The space i?^/^(R) is continuously imbedded in the space of 
functions with vanishing mean oscillation, VMO(R). 

Proof. Let / C R denote a bounded interval and let uj denote the mean 
value of M e 5^/2 (R) 

over I. Then by Jensen's inequality 



— / \u — ujI"^ dt < 





u{s) — u{t) 


1 Jlxl 


s-t 



ds dt. 



(3.16) 



□ 



Using the form of the norm in Lemma 13.21 we can now show that we have 
good estimates in the i?^/2(R)-norm for the following cut-off operation. 
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Lemma 3.4 Let Xn be the piecewise affine function that is one on {—n,n), 
zero on (—00, —2n) U {2n, 00) and affine in between. Let In = (— 2n, 2n) and 
for u G i?"^/^(R), denote the mean value of u over In by ui^. Then there 
exists a constant C such that 



RxR 



Xn{u - UiJ{s) - Xn{u - M/)(t) 



< c 





u{s) — u{t) 


J JRxR 


s-t 



ds dt 



ds dt 



<C||m||^„.„. -ueB^'^ili). 
Furthermore Xn{u — Uj^) ^ u in i?^/^(R) as n - 



(3.17) 
(3.18) 



00. 



Proof. The boundedness of the cut-off operation in the L^-norm fol- 
lows from Jensen's inequality. For the L^-part of the norm an elementary 
computation gives us 

2 

ds dt 



RxR 



Xn{u - UlJ{s) -Xn{u- Ul){t) 



S - t 



1 



<C{-^ I \u-ujj^dt + 



II 


u{s) — u{t) 


" \ 

ds dt 


1 JRxR 


s-t 





(3.19) 



and thus (13.171) follows using (13.161) . That XnU u m. L^(R) is clear. If 
u has compact support, since p > 1, using Jensen's inequality, we see that 
XnUi„ — > in L^(R). Since by Jensen's inequality XnUi^ is uniformly bounded 
in L^(R), a density argument proves that Xn{u — uj^) —>■ u in L'p(R). That 
Xn{u — uj^) u for the L^-part of the norm follows since by an elementary 
computation 



RxR 



(1 - Xn){u - UiJ{s) - (1 - Xn){u - Ui){t) 



S-t 



ds dt 



< C 



1 

141 



\u — Uj P (it 



In 



II 


u{s) — u{t) 


" \ 

ds dt 


1 J\t\>n 


s - t 





(3.20) 
(3.21) 



The last term clearly tends to zero as n tends to infinity. We only have to 
prove that also 

^ \u-ui„\^dt — ^0 (3.22) 
13 



as n ^ oo. This is true since 



- — - / \u — Uj P dt < — - I I \u(s) — u(t)\^ ds dt 

\In\ J I. 4:71^ 



In X In 



< C 



log^ n 



s|,|i|<logn. 



t|>logn 



u{s) — u(t) 



S - t 



ds dt 



u{s) — u{t) 


' ] 


ds dt > 


s-t 





(3.23) 



which clearly tends to zero as n tends to infinity. □ 

Remark. We subtracted the mean value in the argument above in order 
not to have to rely on the fact that u G Lp(R) when proving boundedness 
for the half-derivatives. This is crucial when we later use the same argument 
on functions defined in a space-time cylinder. In preparation for this we 
also note that, by regularizing, the lemma gives us an explicit sequence of 
T'(R) -functions tending to a given element in i?^/^(R). 

We now introduce two sets of spaces defined on the real half-line. 



1 /2 

Definition 3.2 Let Bq (R+) be the space of functions defined on R_| 
can be extended by zero as elements in i?^/^(R). 

Furthermore let -B^''^(R+) be the space of functions defined on R^ 
can be extended as elements in i?^/^(R). 



that 



that 



1 /2 

Remark. The space Bq (R+) can of course be identified with the closed 
subspace of i?^/^(R) of functions with support in R_|_. 



We now give two simple lemmas, giving intrinsic descriptions of Bq 



1/2, 



R. 



and -B^/^(R+). We omit the proofs, which are straightforward elementary 
computations using the form of the norm in Lemma 13.21 

1 /2 

Lemma 3.5 The function space Bq (R+) is precisely the set o/L^(R+)- 
functions such that the following norm is bounded: 



+ 



R+XR+ 



u\\lpcr+) + 

u{s) — u(t) 
s-t 



u\t) 



dt 



R4 



1/2 



ds dt 



(3.24) 
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Lemma 3.6 The function space B^/'^{Tij^) is precisely the set of LPiTi^)- 
functions such that the following norm is bounded: 

Furthermore, a continuous symmetric extension operator from S^/^(R+) to 
is given by Es{u){t) — u{\t\). 

Wc have the following density results: 

Lemma 3.7 The space J^(R+) is dense in i3^/^(R+) and J^o(R+) is dense 
inBo^\R+). 

Proof. That .F(R+) is dense in S^/^(R+) follows immidiately from the fact 
that J-'(R) is dense in i?^/^(R). The argument to prove that .7-o(R+) is dense 

1 /2 1 /2 

in Bq (R+) is a little more delicate. Given u G Bq (R+), apriori we only 
know that there exists a sequence of testfunctions in J-'(R) approaching u in 
the B^/^{R)-norm. 

1 /2 

Given u e Bq (R+) we will show that we can cut-off. Let Xn be the 
piecewise affine function that is one on (0, n), zero on (2n, oo) and affine in 
between. We will show that Xn^ — u in Sy^(R+). Taking this for granted 
we can regularize with a regularizing sequence having support in R_|_ which 
gives us the lemma. 

That XnU — ^ u in I/P(R+) is clear. We now estimate the L^-part of the 
norm. An elementary computation gives us 




The last two terms above clearly tend to zero as n — > oo. To estimate the 
first term, we integrate by parts (we may assume that u is smooth, it is the 



\u\ 



Bl/2(R_^ 



pI|lp(r+) 
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decay at infinity that is the issue). 



2n Jo ^ ~ 2n X Wo s 



1 

< — 
~ 2n 



2n 



log n Jt 



u'^is) 



ds dt + 



ds- f 
Jo 

logn f 
Jo 



ds I dt 



2" uHs) 



ds, (3.27) 



which clearly tends to zero as n tends to infinity. The lemma follows. □ 
We now give the following equivalent characterization of 5y^(R+). 



1 /2 

Lemma 3.8 A function u G L''(R+) belongs to Bq (R+) if and only if the 



:)l/2 



J^q(R+)- distribution derivative -^^^ e L^(R+). Furthermore an equivalent 



norm on i^y^(R+) is given by 



\u\ 



|'w||z,p(R+) + 



|l2(R+). 



(3.28) 



Remcirk. We recall that the .Fo(R+)-distribution derivative, apart from 
what happens inside R+, also controls what happens on the boundary {0}. 

gl/2^ 

The fact that e L^(R+) thus actually contains a lot of information 

about m's behaviour at 0. 
Proof. 

1 /2 

It is clear that a function in Bq (R+) has the .7-'o(R+)-distribution deriva- 

gl/2^ 

tive in L'^(R+). 

On the other hand, let Eq be the extension by zero operator. Then if 



^1/2, 



u 



e LP(R_|_) and the jFQ(R_,_)-distribution derivative e L^(R_|_) we have 



R 



-)$(it ; $ e J^(R). 



(3.29) 



This shows that the jF'(R)-distribution derivative ^~^q^/2^^ belongs to L^{Ii). 
An easy computation shows that 



R4 



o , u 



R 



Eo(«)(t) 



// 



Eo{u){s) - Eo{u){t) 



ds dt + 



Epju) 

t 



dt 



dt. 



(3.30) 



R4 
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Since Eq{u) — u on (0, oo) the lemma follows. □ 

We now give a corresponding equivalent norm on S^/^(R+). 



O ' U 



Lemma 3.9 Ifu G i^^/^(R+), then the J-'' (11+) -distribution derivative 
belongs to L^(R_)_). 

Furthermore an equivalent norm on S^/^(R_|_) is given by 



\u\ 



|m||lp(R) + ||-^^||l2(R+)- 



(3.3i; 



Remark. In contrast to the .7-'Q(R+)-distribution derivative, the .7-''(R+)- 
distribution derivative that we use in this definition "does not see" what 
happens on the boundary, {0}. 

Proof. Since JF(R_,_) is dense in i?^/^(R_|_), it is enough to show that 







2 


'1 


u[s) — u{t) 




dt^^ 


^R+xR+ 


s-t 



ds dt, 



(3.32) 



for functions in JF(R+), where means that the scminorms arc equivalent. 
For p = 2 we (temporarily) denote the closure of JF(R_,_) in the norm 



1 ll^^(R-+) 



L2(R+), 



(3.33) 



hjH. 

It follows dircctcly from the definitions, and the fact that J-(R+) is dense 
in i?^/^(R+), that -B^/^(R+) is continuously imbedded in H. 

We shall now show that in fact H = _B^/^(R+). 

Let T denote the operator T -.u^ ^ + u. Then T : bI^\R^ 
continuous. This follows from fractional integration by parts, 

'rji/2 nl/2^' 



E* is 



L2 



; $e J^(R+), lie J^o(R+), 



(3.34) 



and the fact that JF(R_,_) is dense in H and that jFo(R_,_) is dense in B^^'^CR^). 
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Now by the Hahn-Banach theorem, given ^ e H* there exist elements 
u,v e L^(R+) such that 



(3.35) 



L2 



We can thus extend ^ by zero to an element Eo(0 of B^/^{K)*. Since 
T : S^/^(R) S^/^(R)* is an isomorphism, we can find a unique element 
u e SV2(R) such that Tu = £;o(0 in But this holds if and only if 

u e Sy^(R+) and = ^ in J^o(R+). 

Thus T : Sy^(R+) — > H* is an isomorphism. 

Furthermore, by direct computation (or by interpolation (recall that p — 
2)), we know that 



T : B'J\R+) B'^''{R+y (3.36) 

is an isomorphism. 

Since JF(R_,_) is densely continuously imbedded in both H and S^/^(R_,_) 
and thus H* and S^/^(R_,_)* both are well defined subspaces in ^q(R+), 
we see that H* and _B^/^(R+)* are identical as subspaces of J^qCR^) and 
equivalent as Hilbert spaces. 

Since i?^/^(R+) H, by Riesz representation theorem, this implies that 
H and S^/^(R+) have equivalent norms. 

Prom a scaling argument it now follows that 

2 



R4 



1/2 



■u 



dt 



R+XR4 



u(s) — u{t) 



s-t 



ds dt, 



(3.37) 



for functions in i?^/^(R+). The lemma follows. □ 



4 Parabolic Equations. 

We shall consider operators of the form 

Ou 

Tu = — -V^-A{x,t,V^u), (4.1) 

on a space-time cylinder Q+ = fix R_|_, where Q is an open and bounded set 
in R" with smooth boundary. 

We shall assume the following structural conditions for the function A : 
n X R+ X R** — > R". 
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1. Q+ 3 (x, t) I— s> A{x, t, ^) is Lebesgue measurable for every fixed ^ G R". 

2. R" 9 ^ I— A{x,t,^) is continuous for almost every (x, t) G 

3. For every ^, r/ G R", ^ 7^ ?7 and almost every (x, t) G Q+, we have 

(A(x,t,0-^(a;,t,r/),e-r7) >0. (4.2) 

4. There exists p G (1, 00), a constant A > and a function G L^{Q+) 
such that for every ^ G R" and almost every (x,t) G 

(A(x,t,o,o> Aier-Ma^,t). (4.3) 

5. There exists a constant A > A > and a function iJ G Lp/*^^^^''((5+) 
such that for every ^ G R" and almost every (x,t) G 

\A{x,t,0\<M^r' + Hix,t). (4.4) 

The Caratheodory conditions 1 and 2 above guarantee that the function Q 3 
(x,t) 1-^ A{x,t,^{x,t)) is measurable for every function $ G L^(Q+,R"). 
Condition 3 is a strict monotonicity condition that gives us uniqueness re- 
sults. Conditions 4 (coercivity) and 5 (boundedness) give us apriori estimates 
that imply existence results (see [Ij). 

We now introduce some function spaces, and in their definitions d]/"^ / dt^^^ 
should be understood in the JF'. .(Q) distribution-sense. 

Definition 4.1 For 1 < p < 00, set 

Bl:'/\Q) = l^ueL^iQ);^eL\Q) 

Fill 1 

, — GL^(g),^ = l,...,n.|. (4.5) 
We equip these spaces with the following norms. 

II II II ^- II II II II ^"^ II /A r\ 

\Mb':'^\q) = Wq^TJ^UHQ) + \Mlp(Q) + 2^ II^IIlp(q). (4.6) 

1=1 * 

Computing in JF'. .(Q) we see that we can represent these spaces as closed 
subspaces of the direct sum L'^iQ) © L'^iQ) © ■ ■ ■ © Lp{Q), and thus they 
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are reflexive and separable Banach spaces in the topologies arising from the 
given norms. 

Since the lateral boundary is smooth (in fact Lipschitz continuous suf- 

1 1 /2 

fices), we can extend an element in B.l (Q) to all of R" x R and then cut 
off in the space variables. By regularizing it is clear that functions smooth 
up to the boundary are dense in bI'.^^'^{Q). To show that JF. .(Q) is dense 
in bI'.^^'^{Q) we only have to prove that we can "cut off" in time. This will 
follow as in Lemma [3.41 once we have the following result. 

Lemma 4.1 If u G bI'.^^'^{Q), then 
u{x, s) — u{x, t) ^ 




'QxRxR 

Proof. 



dx ds dt = 271 





o_ U 


fi 





dxdt. (4.7) 



That 



a_ u 



V means that 

^1/2, 



, ^^\:'^x,t) , , 

u[x, t)—^——-j- — dx dt 



v{x, t)$(x, t) dx dt 



(4.8) 



Now for almost every x & Q, Q 3 x ^ u{x, ■) G ^^(R) and Q 3 x v{x, ■) G 
L^(R) are well defined. Let S denote the set of common Lebesgue points. 
Since the Lebesgue points of a function can only increase by multiplication 
with a smooth function, by taking limits of mean values, we get that 



R 



uix,t)^^-^dt 



R 



v{x,t)^{x,t) dt 



(4.9) 



for all x G 5. This implies that for almost every s G the L^(R) function 
t 1-^ u{x,t) has half a derivative equal to v{x,t) G L^(R). So from the 
one-dimensional result it follows that 



RxR 



u{x, s) — u{x, t) 



t 



ds dt = 27r 





nl/2 

o_ U 




dt^l^ 



dt. 



(4.10) 



for almost every x eVL. Integrating with respect to x, the lemma follows. □ 
We conclude that: 
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Lemma 4.2 The space of testfunctions T.^.{Q) is dense in B^l^^^(Q). 

We now introduce the following subspace that corresponds to zero bound- 
ary data on the lateral boundary x R and as \t\ — > oo. 

• • 11 /2 1 1 /2 

Definition 4.2 Let B^y (Q) denote the closure of J-'o,.{Q) in the B.J. {Q)- 
topology. 

We shall work with the following two sets of function spaces on Q^. 

• • 11 /2 

Definition 4.3 Let By (Q+) denote the space of functions defined on (5+ 

1 1 /2 

that can be extended to elements in By [Q). 

1 1 /2 

Furthermore let B^'q {Q+) denote the space of functions defined on (5+ 

1 1 /2 

that can be extended by zero to elements in By {Q) . 

Here * optionally stands for • or 0. A zero in the first position corresponds to 
zero boundary data on the lateral boundary and a zero in the second position 
corresponds to zero initial data. 

Clearly bI'^1^'^{Q^) can be identified with a closed subspace of bIi^^'^{Q). 

We give the following two simple lemmas concerning these spaces and, as 
in the case of the real line, we omit the easy proofs. 

Lemma 4.3 The function space bI'1^^(Q.^) becomes a Banach space with 
the norm 

u'^{x, t) 




+ /// f u{x,s)-u{xyy ^ ^^^^^^^ 

iiinxR+xR+ V s — t 

1 1 /2 

Lemma 4.4 The function space By {Q+) becomes a Banach space with 
the norm 

ll^llB.y/^(Q+) ^ + \\^xU\\lp{Q+) 

(4.12) 




S7xR+ xR+ 



s-t 



Furthermore a continuous symmetric extension mapping from bIi'/\Q+) to 

1 1 /2 

By {Q) is given by Es{u){x,t) = u{x, \t\). 
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Computing in jF'p((5+) we can give an equivalent characterization of 



1 1 /2 

Lemma 4.5 A function u G Lp{Q+) belongs to B,q {Q+) if and only if the 

J-'!q{Q+)- distribution derivative -^-^^ belongs to L^{Q^), and the J-''.{Q+)- 
distribution derivatives G U'{Q^). Furthermore an equivalent norm on 
5.^0 ^^(R+) is then given by 

\\u\\ = \\VxU\\LPiQ+) + ||m||lp(q+) + ||^^||l2(Q+)- (4.13) 

Proof. As on the real line. □ 

Using the corresponding result on the real half-line and the same type of 
argument as in the proof of Lemma 14.11 we see that an equivalent norm on 
-B*;.^^^(Q+) is given by 

ol/2 n n 

0_ U II II / A ^ A\ 

Y7^||l2(Q+) + \\u\\lv(Q+) + 2^ \\Tr-\\LP{Q+), (4.14) 



i=l 



^1/2 



where is understood in the JF'. .(Q_|_)-distribution sense. 
We have the following density results: 

1 1 /2 

Theorem 4.1 The space of testfunctions JF. ,^((5+) is dense in B.^^ {Q+)- 
Furthermore the space of testfunctions J^q,^{Qj^) is dense in i?Q'y^((5+). 

Proof. Since the boundary of VL is smooth we have good extension opera- 
tors in the space variables, and we can also translate the support of functions 
away from the lateral boundary without spreading the support in the time 
direction. The result thus follows exactly as in Lemma 13. 7[ □ 

We point out the following result that follows immediately from the given 
norms. 



Lemma 4.6 The space bI'1^'^{Q^) is continuously imbedded in bI'}^'^{Q^). 

We also remark that the (semi)norms || ||l2(q_)_) and || — ^ ||l2(q+) are 
not equivalent. In fact in Lemma 14.81 below we show that i?QQ^^((5+) is a 
dense subspace of i?o'.^^^((5+). This is of course connected with the well 
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^1/2^ 

known fact that if u G L'^{Q) and G L^{Q), it is in general impossible 
to define a trace on i7 x {0} (for instance the function (x,t) ^— log | log|)f:|| 
locally belongs to this space). Still a function in B^q^'^{Q^) is of course zero 
on X {0} in the sense that 

^^-^^dxdt <oo. (4.15) 
We shall now discuss homogeneous data on the whole parabolic boundary. 

4.1 Homogeneous data. 

We introduce the following space of JF'. .((5)-distributions defined globally in 
time, but supported in Q+. 

Definition 4.4 Let 

bJ^-'^\Q+) := |e G <'.'/'(Q)*; e = znfi X (-oo,0)} (4.16) 

From Theorem 4.3 and Theorem 4.4 in [1] follows 



Theorem 4.2 ForT as defined in ( [^.i[ ), satisfying the structural conditions 
(l)-(5), 

T : Bl^l'\Q^) B-i'-''\Q^) (4.17) 

is a bijection. 

-j^ 1/2 

We shall now show that B, q ' {Q+) can be identified with the dual 
space of i?d'.^^^(<5+)- 

Lemma 4.7 We can identify _B.~q^'~^'^^(Q+) with -Bo'.^^^(Q+)*. 

Remark. Note that we here identify a subspace of JF'. .(Q) with a subspace 

ofr,o(g+). 

Proof. Given ^ G bI'^^'^{Qj^)* we have (by the Hahn-Banach theorem) 
Mo G L^((5+) and Mj G Lp'{Q+), i = 1, . . . ,n such that 

(e,<^>) = Mo^^ + $^«.^c?a;dt; $ GJ-o,(g+). (4.18) 
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It is thus clear that we can extend this ^ to all of ^o, (Q) by zero. Set 

(^0,$) = jj Eo{uo)^g^ + Y,Eo{u,)—dxdt- $G^o,.(Q), (4.19) 

^ i=l ^ 

where Eq denotes the operator that extends a function with to all of Q. 
The mapping Bq^^'^{Q+)* 3 ^ t—¥ ^ B~q'~^^'^{Q^) is clearly injective, but 

— 1 — 1 /2 

it is also surjective. This follows since given ^ G -B. q ' {Q+), by Theorem 
[2] above, there exists a (unique) G i?do^^(Q+) such that 

^""^ V,-{\V,u^r'V,u^)=^, (4.20) 



dt 
i.e. 



ol/2 ol/2^ 



at at 

+ {\V,u^r^V,u^) ■ V,.$ dxdt; $ G A-(Q), (4-21) 

and we see that ^ has the required form. □ 
Thus we can reformulate Theorem HI 



Theorem 4.3 For T as defined in ( [^.i[ ), satisfying the structural conditions 
(l)-(5), 

T : Blf{Q^) <'.'/'(g+)* (4.22) 

is a bijection. 

Remark. This theorem of course means that given ^ G i?d'.^^^(Q+)* there 
exists a unique u G bI'q^'^{Q^) such that 

(T(«), $) = (e, $) ; $ G <'.'/'(Q+)- (4.23) 
Which means precisely that 

(e,$)= // -^^^ + A{x,t,V,u)-V,^dxdt 

; <l>GJ-o,(g+), (4.24) 

since JFo .((5+) is dense in _Bd'.^''^(Q+). 

The following structure theorem for our source data space is an immediate 
consequence of the Hahn-Banach theorem. 
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Theorem 4.4 Given ^ G -Bo'.^''^(Q+)* there exist functions uq G L'^{Q+) and 
ui, . . . ,M„ G LP/(P-i)(Q+) snc/i t/iat 

0I/2 n r% 

i=l 



in T' JQ+). 



Our next result implies that in general it is actually enough to test our 
equations with J^q q{Q^) instead of jFg 

Lemma 4.8 The continuous imbedding 

Bl'l'\Q+) ^ Bl^-'\Q+) (4-26) 

is dense. 

Proof. It is enough to show that if ^ G Bq^^'^{Qj^)* and $) = for all 
<l>Gi?oV(Q+),thene = 0. 

Now given ^ G Sq'.^''^((5+)*, by Theorem 14.31 there exists a unique G 
-^0,0''^ that 

^ - V. ■ (iV.M^r-^V.M^) = e (4.27) 
Now if $) = for all $ G 5o'J/^(Q+), then with $ = tig we get 

iV^^Mgl^dxc/t = 0. (4.28) 

Q+ 

By the Poincare inequality = 0, and so ^ = 0. □ 
4.2 Non-homogeneous initial data. 

We will first introduce the space that will carry the initial data. In the 
definition, all derivatives should be understood in the JF'. .(Q_,_)-distribution 
sense. 
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Definition 4.5 Let 

Bj{Q+) = |n G i?d;.'/'(Q+) n a([0, oo), L\n)) 

;^GL^'(R+,l^-i'^'(fi))|. (4.29) 

Here C;,([0, oo), denotes the space of bounded continuous functions 

from [0,oo) into L'^{n), and g G Lp'(R+, V^-l'P'(^])) means exactly tliat 

<c||v.<i>|UnQ+) ; $GAo(Q+), (4.30) 

for some constant C > 0. Tlie smallest possible constant is by definition 

1 1 1 1 

II dt \\Lp'{n+,w--^'p'{n))- 

We equip Bj{Q^) with the following norm 

\\u\\bi(Q+) ■= Il^lli3i.i/2(Q ) + sup \\u{-,t)\\L2(n} 



du 

+ ll"^llLp'(R+,ty-i>p'{c))- (4-31) 

Using Theorem 14.31 and the monotonicity of A{x,t, ■) we shall now prove 
that we always have a unique solution in Bj{Q+) to the following initial value 
problem. 

Theorem 4.5 Given Uq G i^^(fi), there exists a unique element u G Bj{Q^) 
such that 

— - ■ A{x, t, V^m) = zn r.. (g+) (4.32a) 
u = uq onnx {0}. (4.32b) 

Proof. 

Uniqueness follows immediately from the monotonicity of A{x,t,-) by 
pairing with a cut off function in time multiplied with the difference of two 
solutions. To prove existence we first note that if Uq G 'DlQ), we can extend it 
for instance to a smooth testfunction Uq G V{Qx(—2, 2)) such that Uq{x, t) = 
Uo{x) when — 1 < t < 1. 

Since ^ G Bq ^^^{Q^)* , by Theorem 14. 3 j we know that there exists a 
unique w G bI'q^'^{Q^) such that 

-^-\/,-Aix,t,V,w + V,Uo) = —^ in Blf\Q+y. (4.33) 
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Then clearly u = {w + Uq) G Bq^^^{Q^) solves (I4.32p . and the initial value 
is taken in the sense that 

// K^^^)-^o(^))^ ^,,,^^. (4.34) 
JJnx{o,i) t 

By standard arguments it follows from (14.321) that u G Bj{Q^) and so the 
initial data is actually taken in Cf,([0, oo), L^(i7))-sense. 

Given uq G L'^{Q) we now choose a sequence V{Q) 3 Mq — > uq in L'^(fl). 

Let m" denote the solution of (14.321) with initial data Uq. By testing with 
u^Xj where x is a standard cut off function in time, in (I4.32p . we get that 

sup [ (m" - M™)2(x, t)dx< [ {u"^ - 0^(x) dx. (4.35) 
teR+ Jn Jn 

It is also clear that || Vi:M'^||lp(q^) is bounded by a constant independent of 
n. 

Finally we note that we can extend symmetrically to Q and the ex- 

dt 



tended function ^^(m") G bI'^^\Q) will satisfy ^^jjp- G L^' (R, W-^^p'{Q)). 



We then have 



y y ^^^^ = y^(^^' (4.36) 



for a sequence J^o, (<5) 3 $fc ^ Esiu"^) in i?o'.^''^((5). 

This implies that || "3^1/2" II l2(q+) is bounded by a constant independent 
of n. 

We conclude that ||w"||_Bj(q+) < C, where C < 00 is a constant indepen- 
dent of n. 

We can now extract a weakly convergent subsequence and in fact, as we 
have seen, we actually have strong convergence in Cfe([0, 00), L^(f2)) and thus 
the limit function satisfies the initial conditions. 

Finally a Minty argument using the monotonicity of A{x, t, ■) shows that 
the limit function solves (14.321) . The theorem follows. □ 

4.3 Fully non-homogeneous initial-boundary values. 

We shall now introduce the function space that will carry both initial and 
lateral boundary data. 
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Since we have continuous imbeddings Bq'^^^(Q+) ^ bI'^^^(Q+) and 
Bi(Q+) ^ bI'^^^(Q+), the following definition makes sense. 

Definition 4.6 Let 

X^'V2(g^) ^ S.y/2(g+) + Bj{Q^), (4.37) 
be equipped with the norm 

lkllxM/2(Q^) = inf^^^ (||ki||^m/.(q^) + 1^211^,(0+)) , (4.38) 
where the infimum is taken over the set 

Ku = {{ui,U2)] ui + U2 = u, ui e 5.y/'(g+), U2 G Bi{Q+)'} . (4.39) 
The following imbeddings are immediate 

1 1 /2 

5.7 (4.40) 
ll«lkM/2(Q+) < \\u\\BiiQ+y, " ^ Bj{Q+), (4.41) 
ll«llB.y/^(Q+) ^ C'll«llxM/2(Q^); u e X^'i/2^g+). (4.42) 

For an element in X^'^/^((5+) we can always define the trace on Q x {0}. 

Theorem 4.6 There exists a continuous linear and surjective trace operator 

Tro : X'''/\Q+) L2(Q). (4.43) 
There also exists a bounded extension operator 

E : L^n) ^ X^'''/''{Q+) (4.44) 
such that Tro o E = Ml^^q,). 

Proof. Given u G X^^^/^{Q+), there exist ui e B^^o^^{Q+) and U2 G Bi{Q+) 
such that u = ui + U2- Since ^2 G Bi{Q^) =^ U2 G C6([0, +oo), L^(f2)), 
'i*2|f2x{o} is a well defined element of L^(0). We now define u\ax{o} = 'W2|ax{o}- 
We have to show that this is independent of the decomposition of u, but 
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if we have two different decompositions Ui + U2 = Vi + V2 as above, tfien 
(u2 — V2) e Bi{Q^) n which imphes that 



Jin 



(U2 - V2Y(x,t) , ,^ 

^ ^ ^ J-^ dxdt < +00, (4.45) 



f2x(0,+oo) ^ 

and so M2(-, 0) = V2{-, 0) since they both belong to Ch{[0, +00), L^(0)). 
Now 

lk(-,0)|U2(n) = \\u2{;0)\\mn) < C\\u2\\B,iQ^), (4.46) 

for any decomposition u — ui + U2 sts above. Taking the infimum over all 
such decompositions gives: 

\\u{;0)\\LHn) < Ch||xM/2(Q^), u e X'^'/'\Q+). (4.47) 

Now given uq G L^{^), let E{uq) be the (unique) solution in Bj{Q^) of 
the initial value problem: 

oil 

^ - V, • i\V,u\P-^W,u) =0 in Q+ = Q X R+ (4.48a) 

u = Uo onQx {0}. (4.48b) 
Clearly this extension map satisfies Trg o E — /ciL2(n) and furthermore 

\\E{uo)\\B,iQ^)<C\\uo\\L^^n), (4.49) 

and thus 

\\E{uo)\\xhi/2^Q^) <C\\uo\\L^n)- (4.50) 

□ 

Remark. Note that if p = 2 the extension map is linear. 
Theorem 4.7 We have the following imbedding: 



\U 



|^M/2(Q^) < C||i.|Um/.(q^); u e S.y^(g+). (4.51) 



11/2 11/2 

Proof. If -u G -B. = Ml + 'U2 with ui G -B. 

1 1 /2 

^2 G B][{Q^), then 'U2(-, 0) = since U2 E B,q {Q+) H Bj{Q^). Thus ^2 can 
be extended by zero to all of Q. Since, by a continuity argument, 

ll^lli^(Q,) = -j^ %2)) c^t, «2 e si'^'(g+)ni?,(g+). (4.52) 
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We get 



> + n2||^i,i/2(Q^) = (4.53) 

where C > 0. Taking the infimum concludes the proof. □ We immediately 
get the following 

Corollary 4.1 There exist constants Ci,C2 > such that 

^ill^llB.l;y^(Q+) ^ Mx-^-'\Q+) < C'2||^^||5M/2(Q_^); u e J'ofi{Q+). (4.54) 

r/ifis bI'1^'^{Q^) is the closure of J^oq{Q^) in the X^'^/'^{Q^)-norm topology. 

We are now ready to state our main theorem. 

Theorem 4.8 Given f e i?o'.^^^(Q+)* and g G X^'^/2((5+), there exists a 
unique element u G X^'^^'^(Q-^) such that 

3u 

— -V,-{A{x,t,V,u)) = f tnr^{Q+) (4.55a) 
u-geBlj'\Q+). (4.55b) 

Proof. 

Let w = u — g. Then fl4.55p is equivalent to 

^ - V. ■ {A{x, t, V.{w + g))) = / - ^ in ^.',(Q+) (4.56a) 

weBli^\Q+). (4.56b) 

Here ^ G JF'. .((5+) has a unique extension to an element in bI'^^'''^{Q^)* . In 

fact, if (? G X-'^'^/^(Q+), we can write g = gi + g2, where gi G -B.^q ^^((5+) and 
(72 G 5,(g+). Thus 

< C + ||(72b,(Q+)) IMbI'^^q+v ^ ^ Ao(Q+)- (4.57) 
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Since, by Lemma ITS) and Theorem 14.11 To,o{Q+) is dense in Bq^^'^{Q^), it 
is clear that we have a unique extension. If the function A{-,-,-) satisfies 
the structural conditions 1-5 given above, then also A{-, - , ■ + g), with g e 
X^'^/\Q+), satisfies the same structural conditions (with new constants A, A 
and functions H,h depending on g). Thus Theorem 14. 3[ and the remark 
following Theorem 14.31 tell us that (14.561) has a unique solution. This implies 
that u = w + g is the unique solution to (14.551) . □ 

Remark. Note that since V{Q^) is densely continuously imbedded in 
•^0,0 (Q+) it is equivalent to demand that (14.551) should hold in V'{Q^). 

We shall conclude with a comment on the linear case. 

The function spaces we have introduced so far coincides with well known 
function spaces existing in the literature when p = 2. When p = 2 we shall 
follow existing notation and replace B with H for all spaces (for instance if 
p = 2 we shall write ifo'.^^^((5+) instead of bI'}^'^{Q+) and so on). 

The Sobolev space H]!'^'^^'^{d^l x R^.) below is defined by pull-backs in 
local charts on dQ. 

Theorem 4.9 If p = 2 there exists a linear, continuous and surjective trace 
operator 

Tr : X''^/^{Q+) H\/^^^'\d^ x R+). (4.58) 
There also exists a continuous and linear extension operator 

E : Hl'.^'^/\dn X R+) ^ Xi'^/2^g+), (4.59) 

such that Tr o E = Id\jji/2,i/4,^g^^^y 

Proof. Using a partition of unity argument and the Fourier multiplier op- 
erators 

msiD)u = {{l + i2TTT + ATT^\^\'^y'uy; s G R, (4.60) 
which preserves forward support in time, and have the property that 

msiD) (l2(R" X R)) = H^'''{K' x R), (4.61) 

we can construct continuous linear operators: 

Tr : H'f\Q+) H\/^^^'\dn x R+) (4.62) 

and 

E : Hl'.^'^/\dn X R+) — ^ i7y/'(Q+), (4.63) 
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such that TroE = Id\^\/2,i/4^Q^^^y Now given u G X^'-^/^(Q+), let u = Ui + 

U2 where Ui G H^^q''^{Q+) and U2 G Hi{Q+). We define M|af7xR+ = ^^i|acxR+- 
This definition is independent of the decomposition of u. In fact, if U1 + U2 = 
vi +V2 are two decompositions as above, then ui—vi G L^(R+, Hq{Q)), and 
so (mi - vi)\dnx-R = 0. 
Now 

II^^WIlHy^-V4(0QxR+) ^ ^II"iIIh.V/^{q+)' (4-64) 

for any decomposition. Taking the infimum proves the continuity of Tr. 
The continuity of the extension operator E follows from the imbedding 

Combining our trace theorems with Theorem 14.81 gives us in the linear 
case: 

Theorem 4.10 // 

du 

Tu= — -V,-{A{x,t,V,u)), (4.65) 

is a linear operator, satisfying the structural conditions 1-5 above, then 

3 {Tu,u\dnx-R.+ ,u\nx{Q}) 

G Hlf\Q+y X Hl'^^^/\dn X R+) X (4.66) 
is a linear isomorphism. 



ACKNOWLEDGEMENTS. 

I thank Johan Rade for useful remarks and stimulating discussions in 
connection with this work, and Anders Hoist, Per- Anders Ivert and Stefan 
Jakobsson for reading and commenting on this paper. 



32 



References 



[1] M. Pontes A Monotone Operator Method for Elliptic- 
Parabolic Equations, Comm. in PDE, Vol. 25, 3&4, 2000, 
pp. 681-702. 

[2] M. Pontes: Initial- Boundary Value Problems for Parabolic 
Equations Institut Mittag-Leffler, Report no 22 (2000). 

[3] S. Kaplan. Abstract boundary value problems for linear 
parabolic equations, Ann. Scoula Norm. Sup. Pisa CI. Sci. 
(4) 20, 1966, pp. 395-419. 

[4] O.A. Ladyzenskaja, V.A. Solonnikov, N.N. Uralceva. Lin- 
ear and quasi-linear equations of parabolic type, Transl. 
Math. Monogr. 23, Amer. Math. Soc. Providence, Rhode 
Island, 1968. 

[5] J.L. Lions, E. Magenes. Problemes aux limites non ho- 
mogenes et applications I-II, Dunod, Paris, 1968. 

[6] R.T. Seeley Extension of -functions defined in a half 
plane, Proc. Amer. Math. Soc. 15, 1964, pp. 625-626. 



33 



